A utility theory of entanglement is formulated, based on the von Neumann-Morgenstern theorem. As a specific example, a protocol for measurement-induced entanglement is studied, in which the amount of entanglement obtained depends on the random result of a measurement on an ancilla. It is shown that the maximization of the utility requires a non-trivial strategy. The results are especially useful when the interaction between the ancilla and the systems to be entangled is weak. [4] , and is still used to determine the optimal amount of wealth to risk in an endeavor, e.g. when investing in the stock market.
The concept of utility was introduced qualitatively by Pascal in his wager argument [1] , and quantitatively by Daniel Bernoulli in order to solve the St. Petersburg paradox [2] . It was rediscovered by Kelly in connection with the optimization of investments [3] . The corresponding criterion was applied by Edward Thorp, Claude and Betty Shannon in their Las Vegas exploit [4] , and is still used to determine the optimal amount of wealth to risk in an endeavor, e.g. when investing in the stock market.
Entanglement, on the other hand, is a feature unique to quantum mechanics. It consists in correlations between two subsystems that cannot be explained by the ignorance of some properties of each subsystem, but on the contrary reveal that the very classical notion of each subsystem possessing separated properties is at fault. Besides being interesting on a fundamental level [5] [6] [7] , entanglement has potential applications. For instance, it is essential to produce entangled states on demand, both for quantum computation, quantum teleportation, and quantum cryptography [8] . Being able to produce entangled particles allows to perform tasks that are not easily performed, or altogether impossible, when using classically correlated systems. Entanglement can be quantified for bipartite systems. While there are several possible measures of entanglement (e.g. entanglement of formation, entanglement cost, and distillable entanglement), all of them must obey some desiderata enunciated by Wootters [9] . Entanglement can also be swapped between different systems [10] . Therefore entanglement is a resource.
So far, no connection has been made between entanglement and utility, to the best of our knowledge. Here, we shall fill this gap. According to the von NeumannMorgenstern utility theorem [11] , a utility function u(E) can be associated to the production of a bipartite system with entanglement E. The actual functional form of u(E) will depend on the practical application of entanglement. In general, we can only say that it must be a monotonic (non-decreasing) function of E.
Generating entangled particles deterministically, or at least with high efficiency, turns out to be a great challenge. It is possible to produce entanglement between two systems by measuring an auxiliary system that has interacted with both (or, equivalently, some appropriate degrees of freedom of the systems) [12] [13] [14] [15] [16] . This procedure is known as measurement-induced entanglement or heralded entanglement. It has been observed in atomic systems, in nitrogen vacancies in diamond, and in superconductors [17] [18] [19] [20] [21] . Due to the intrinsically random nature of measurement in quantum mechanics, measurement-induced entanglement is usually a probabilistic process, i.e. it succeeds with a probability P succ < 1 in producing a state ρ succ with entanglement E succ (in most entanglement protocols, a success means having created a maximally entangled pair, i.e. E succ = 1, using an appropriate scale for the entanglement measure). In case of failure, the system is left in a state ρ fail with entanglement E fail ≤ E succ . Thus, if the failures, which occur with a probability P fail = 1 − P succ , are treated as a separate subensemble, the net utility is N (0) = P succ u(E succ ) + P fail u(E fail ). We shall refer to the strategy of separating the successes and the failures into distinct subensembles as the base strategy. We note that the words 'success' and 'failure' do not necessarily connote positive and negative meaning (although they do for most cases). Here, we consider an alternate strategy: We mix a fraction w of the failed attempts to the successful attempts. The rate of success of course increases to P (w) = P succ + wP fail , while the rate of failures decreases to (1 − w)P fail . The entanglement of the mixture ρ 1 = (ρ succ + wρ fail )/(1 + w), on the other hand, necessarily decreases compared to the entanglement of ρ succ . It is possible to partially compensate for this loss by applying a conditional local operation 1 whenever a failure is included in the successful attempts. The state is thus ρ w = (ρ succ + wU loc ρ fail U † loc )/(1 + w). In the present work, we individuated the local unitary operations U loc that maximize the entanglement of ρ w , then we determined w opt the optimal value of w that maximizes the net utility, C being the cost of applying U loc ,
The main findings of our work are: (1) For a stronger interaction strength between the ancilla and each subsystem of interest, the increase in the utility from N (0) to N (w opt ) is small, and it is offset by the cost C of applying the unitary local transformation U loc . (2) N (w opt ) has a finite value in the limit of a vanishing interaction strength between the ancilla and each subsystem of interest.
Setup. The measurement-induced protocol that we consider here is inspired to the one proposed by Haack et al . [22] (see also [23] for a generalization and [24] for a connection with the so-called Quantum Cheshire cat phenomenon) and is described in Fig. 1a . It requires a Mach-Zehnder interferometer, in which the ancilla is injected, and an interaction between the ancilla and each subsystem of interest. We shall assume that the interaction is non-demolition with respect to the spatial degrees of freedom of the ancilla, i.e. if the ancilla enters in a state |j, µ 0 , where j = 1, 2 indicates the spatial mode propagating in the j-th arm, and µ is a set of quantum numbers describing its internal degrees of freedom, then the ancilla exits the interaction region in the state |j, µ . It is important that the interaction is symmetric in both arms [23] . After the interaction, the ancilla is detected in either the upper or the right counter. If it is detected in R, the systems 1 and 2 become maximally entangled, for any strength of the interaction (represented by a grayed box). If the ancilla is detected in U , the systems 1 and 2 become only partially entangled, the amount of entanglement depending on the interaction strength. In this case, using a random number generator, a fraction w of the systems is retained, to which an appropriate local operation (white circle) is applied so that the entanglement of the mixed state is maximized. The interaction represented by a grayed rectangle is the fundamental block of the scheme. It is described in Fig. 1b .
In the spirit of von Neumann [25] , there is no need to describe in detail the interaction through a Hamiltonian, but it suffices to establish the output for a set of orthogonal input states. In the present case, the subsystem j is prepared in a state |A(0) . If the ancilla is propagating in the arm j = 1, 2, it interacts with the corresponding system, the state of which will change to a state |B that depends on the interaction, while the state of the other system = 2, 1 changes to |A due to the free evolution. For such a dual case scenario, the strength of the interaction can be parametrized with a single, dimensionless
Indeed, if the interaction between the subsystem and the ancilla is strong, the subsystem will emerge in a state |B almost orthogonal to |A ; if the interaction is weak, instead, |A and |B will be almost indistinguishable. We shall use the decomposition |B = cos(θ)|A +sin(θ)|A ⊥ , with |A ⊥ orthogonal to |A .
It is possible to show that, if the ancilla is detected in the right counter, the conditional state of the systems 1 and 2 is the singlet state
Here, the normalization is such that the square modulus succ ψ|ψ succ equals the probability of success P succ = sin 2 (θ)/2. On the other hand, if the ancilla is detected in the upper counter, which occurs with P fail = 1 − sin 2 (θ)/2, the state is
While the entanglement E of the singlet state |ψ succ is
The utility as a function of entanglement. In this figure we provide four samples of the functions that we used in the rest of the Letter.
always maximal, the entanglement of |ψ fail depends on the coupling strength θ. For θ = π/2 it is E = 1, i.e. the protocol always produces a maximally entangled state. In this case, the net utility N (w) is constant in w, hence all strategies are equally good. However, for θ < π/2 the entanglement of |ψ fail is less than 1, hence there may be a strategy characterized by a value w = w opt that maximizes the net utility N (w).
Results. In the following, we plot the results for several utility functions, namely powers of entanglement u(E) = E n and threshold functions u(E) = Θ(E −E 0 )F (E −E 0 ), with Θ the Heaviside step function and F a monotonically non-decreasing function. We considered a utility of the form u(E) = Θ(E − E 0 )(E − E 0 ) n /(1 − E 0 ) n , since it may happen that entanglement is not useful below a certain threshold E 0 . We always rescaled the functions u in such a way that the maximum utility is 1.
For a utility of the form u(E) = E n , the optimal strategy turns out to be to always mix (w opt = 1) for any coupling strength, if n < 1.3. Then, for 1.3 < n < 2.15, the optimal strategy consists in keeping all the occurrences (w opt = 1) for large enough couplings, while w opt decreases for lower couplings. At n > 2.15, the strategy changes drastically. For large couplings, the best strategy is never to mix, i.e. the base strategy (w opt = 0), while w opt increases for smaller couplings. While the strategy changes abruptly with the power n, analogously to a phase transition, the net utility has a regular behavior with n. When including a finite cost for the local unitary operation, the strategy changes sensibly. We considered for definiteness a cost C = 0.1, i.e. one tenth of the maximum utility. Now, at larger coupling strengths and smaller powers n < 2.15, it is no longer convenient to always mix, but on the contrary one should follow the base strategy. This sudden change happens because for larger coupling strengths the state |Ψ 1,2 U is almost fully entangled, so the utility for θ π/2 as a function of w is almost degenerate. A finite costs introduces a term −wP U C that removes such a degeneracy, favoring the strategy of never mixing w = 0. We also considered the family of n . Indeed in some applications entanglement may have no utility, unless it is above a threshold value. Here, we fixed the threshold to 0.5 for definiteness. When the cost C is zero, we have a behavior similar to that observed for power-law utilities: at some critical value of n the strategy changes abruptly. Furthermore, when we introduce a finite cost, C = 0.1, this abrupt change is washed out as for the power-law case.
Method. We proceeded in two steps. First, we found the optimal local unitary transformation U loc such that E is maximized for fixed w, and then the optimal fraction w of pairs to which apply the feed-forward, such that N (w) is maximized, given a utility function u(E). These two steps were repeated for different values of the coupling strength θ between the ancilla and each subsystem. While in principle we could apply a unitary operation on each subsystem, it can be shown that it suffices to apply a transformation to just one of the two subsystems. We recall that a unitary matrix on a two-dimensional Hilbert space can be parametrized as U = e iβ cos(α) −e −iγ sin(α) e iγ sin(α) e −iβ cos(α) . Thus, we needed merely to maximize a function of three variables α, β, γ, instead of a function of six variables. Operationally, this means that we can apply the feedforward just to one of the particles, rather than to both. In more detail, in the first step, we maximized the entanglement of ρ w using the simplified formula for the concurrence derived in Ref. [26] , then writing an analytic expression for the concurrence with the help of Mathematica, exporting this expression to a Fortran file, and then applying the NLopt libraries [27] in a double loop in the variables θ and w, sampling 1000 points for each. The concurrence was then used to find the entanglement of formation [9] . The data were saved to a file, then they were analyzed and plotted using again Mathematica for several simple utility functions.
The second step was relatively straightforward, since we needed to find the maximum of a function N of one variable, w. This was done using Mathematica to find the maximum entanglement of formation for fixed θ and u(E), while w was varying among the 1000 sample points, giving thus a precision of 0.001 in the location of the optimal value w opt .
Discussion. While the optimal strategy depends crucially on the form of the utility function, we note some common properties of the net utility as a function of the coupling strength. The net utility increases monotonically with the coupling strength. Therefore a strong coupling is always preferable, as it leads to maximal entanglement on demand, and as it is more robust agains small asymmetries in the couplings [23] . On the other hand, for vanishing coupling, the net utility tends to a small but finite value. This signals an essential discontinuity. Indeed, if the coupling were zero from the beginning, there would be no entanglement, and hence no utility. Therefore, the approach proposed in the present Letter may be particularly useful when the coupling strengths available are small.
